Available online at www.sciencedirect.com

il . . JOURNAL OF
*»” ScienceDirect SOUND AND
VIBRATION

ELSEVIER Journal of Sound and Vibration 324 (2009) 773-797

www.elsevier.com/locate/jsvi

Effect of rotation and imperfection on reflection and
transmission of plane waves in anisotropic generalized
thermoelastic media

Rajneesh Kumar®*, Manjeet Singh®

dDepartment of Mathematics, Kurukshetra University, Kurukshetra-136 119, Haryana, India
®Department of Mathematics, S.U.S. Govt. College, Matak Majri, Indri, Karnal, Haryana, India

Received 28 April 2007; received in revised form 7 October 2008; accepted 22 February 2009
Handling Editor: L.G. Tham
Available online 8 April 2009

Abstract

The present investigation is concerned with the propagation of plane waves at an imperfectly bonded interface
of two orthotropic generalized thermoelastic rotating half-spaces with different elastic and thermal properties. The
thermoelastic theory with one relaxation time developed by Lord and Shulman [A generalized dynamical theory of
thermoelasticity, J. Mech. Phys. Solids 15 (1967) 299-309] is used to study the problem. The reflection and transmission
coefficients of Quasi Longitudinal (QL-) wave, Quasi Thermal (T-mode) wave and Quasi Transverse (QT-) wave
have been derived. The effect of rotation has been studied on the velocities of different waves. Some special
cases of boundaries i.e. normal stiffness, transverse stiffness, thermal contact conductance, slip boundary and
welded contact boundary have been deduced from an imperfect one. Impact of different boundaries has been studied
graphically. It is observed that thermal properties, rotation and imperfect boundary have significant effect on the
propagation of waves.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Debonding and imperfect contact however are known to exist in composites, be in the domain of electrical,
thermal conduction or elasticity. For example, even grain boundaries in polycrystalline materials are not
perfect because of misfit of the atomic structures of two neighboring grains. In this case dislocation may form
on the interface and the atomic structure becomes different than in the bulk medium. This interface
imperfection may be felt only at very high frequencies. Another example of formation of a thin interface layer
occurs when two solids are bonded together either by a thin layer of another materials, for example, glue or by
some metallurgical process.

The popular model, which was adopted in the present study, is the linear spring like model, in which a thin
layer of interphase material is introduced near the interface. In the limit of vanishing layer thickness, the
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Nomenclature o; coefficients of linear thermal expansion
to relaxation time

cij isothermal elastic parameters k wave number

o density c phase velocity

Cc* specific heat at constant strain ) circular frequency

To the initial uniform temperature t time

o components of stress tensor T absolute temperature

e components of strain tensor

interfacial tractions become continuous, but the displacement at either side of the interface layer become
discontinuous, the jump in displacement being linearly proportional to the interfacial tractions and in
the field of thermal conduction, the finite difference in temperature between two dissimilar materials
is proportional to the heat flux at the interface. The boundary between the solids may behave as slip,
perfect or neither, depending on the properties of this layer, as has been demonstrated by Rokhlin and
Marom [11], and its state significantly affects thermoeclastic wave reflection and interface mechanical
behavior.

Significant work has been done to describe the physical conditions on the interface by different
mechanical boundary conditions by different investigators. Notable among them are Jones and Whittier [2],
Nayfeh and Nassar [4], Rokhlin et al. [5], Rokhlin [8], Baik and Thomson [9], Angel and Achenbach
[10], Pilarski and Rose [12], Lovrentyev and Rokhlin [17], Laungvichcharoen et al. [22], Wang et al. [24], Ueda
et al. [28].

The heat equation for both coupled and uncoupled theories is of the diffusion type, predicting infinite
speeds of propagation for thermal waves, contrary to physical observations. Lord and Shulman [1] introduced
the theory of generalized thermoelasticity with one relaxation time by postulating a new law of heat
conduction to replace the classical Fourier’s law. This law contains the heat flux vector as well as its time
derivative. In addition it contains a new constant that acts as relaxation time. The heat equation of this theory
is of wave type, ensuring finite speeds of propagation for thermal and elastic waves. The remaining governing
equations for this theory, namely the equation of motion and the constitutive relation, remain the same as
those for the coupled and uncoupled theories. Dhaliwal and Sherief [7] extended this theory to an anisotropic
media. The second generalization was developed by Green and Lindsay [3] and is known as G—L theory. This
theory contains two constants that act as relaxation times and modifies all the equations of coupled theory not
the heat conduction equation only. The two theories both ensure finite speeds of propagation for thermal
wave.

Many authors contribute their efforts in studying the wave propagation in different types of medium, few
among them are Sharma [13], Sharma and Singh [14], Sinha and Elsibai [15,16], Abd-Alla and Al-Dawy [18],
Verma [19], Singh [20], Othman [21], Kumar and Sharma [23], Othman [25], Baksi and Bera [26], Sharma and
Thakur [27], Sharma and Othman [29].

This spring like model has been adopted in the present work between two generalized thermoelastic solids as
has been represented by the boundary conditions in the text. K, K,, K. used in the boundary conditions are
spring constant type material parameters. K, — oo, K, - oo, K. — oo implies the continuity of displace-
ment components and temperature distribution and therefore the two solids are perfectly bonded together or
to say that the two solids are in welded contact (WC). At the other extreme K,, — 0, K, — 0, K, — 0 implies
that the two solids are completely unbonded and x3 = 0 is a free surface. So any finite positive value of these
so-called interface parameters defines an imperfect interface.

This study is motivated by the need for a better understanding of the role of interfaces on the propagation of
thermoelastic plane waves and how rotation plays its role when studied with imperfection. Therefore different
boundaries has been developed and impact of different boundaries on the reflection and refraction of
thermoelastic plane waves in orthotropic generalized thermoelastic rotating medium with one relaxation time
has been studied.
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2. Basic equations
Consider a homogeneous orthotropic thermoelastic medium with one relaxation time. It has two plane of

symmetry and its elastic properties are defined by nine elastic moduli. The generalized Hooke’s law can be
expressed in the form

o1 = cienn + cpen +cizess — BT, (1)
02 = cperr + cpen + ey — T, (2)
033 = c13e11 + c3en + c33e3z — BT, (3)
023 = 2c44€23, “4)
a13 = 2csseys, (5)
012 = 2¢e6€12, (6)

where g;; is the stress tensor and e;; the strain tensor. Further

Ou; Ou;
20 =—+—L (i,j=1,2,3), 7
ij a)Cj ox; oy ) (7
u; being the displacement vector.
The equations of motion and heat conduction equation in an orthotropic non-rotating thermoelastic
medium with one relaxation time without body forces and heat sources are

0 0%
~_ 0 =P x5 .5 = 1,2,3 s 8
axj"-’ pap (@ ) (8)
o*T o*T o*T 0 0? ou, Ous Ou3 L[0T T
K1@+K26—)C%+K36—x§_ T0<§+[0@) (ﬁ]a—xl—i-ﬁza—xz—i-ma—x}) =pC (E—i— lo¥>, 9)

where

P =crion 4+ crpon + ci303,  for = cipoy + enor + e303, B3 = c3o + 2300 + €3303.

3. Formulation of the problem

We consider two homogeneous orthotropic generalized thermoelastic solid half-spaces being in contact with
each other at a plane surface, which we designate as the plane x3 = 0 of a rectangular cartesian co-ordinate
system OXX,X3;. The medium is rotating with an angular velocity Q = Qn, where 7 is the unit vector
representing the direction of rotation. In the present problem, Q= (2,0,0).

The equation of motion in rotating frame of reference has two additional terms (i) centripetal acceleration
Q x (f? x i) due to time varying motion only (ii) the Coriolis acceleration 20 x ii. So Eq. (8) can be modified
in rotating medium as

) up o S
=0y = p|a (@ x @xa)+ Q8 x| (=123 (10)
"/

We consider thermoelastic plane waves in x,x3-plane with wave front parallel to x; axis and all the field
variables depend on x,, x; and ¢.
For the plane wave propagating in the x,x3-plane

up = ui(x2, X3, 1), =0, T=T(x3x31). (11)

ox;
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From Egs. (1)(7) and (9)—(11), we obtain the equations of motion and heat conduction equation in a
rotating medium without body forces and heat sources in terms of the displacements in the form

Q%uy Q%uy o*u,
- 12
€66 3 2+655 o Poa (12)
c Oz +c Oz 2 4 (023 + Cag) ——— Ouy = 6 B Qw200 + B, T (13)
2 <5 ox 2 M ox 2 23 44 P 2 2 3 2452,

a2u %us 0%uy us

3y w2 tosg s ? St (e23 + Ca) xaons [6t2 — Q%3 — 29”2] + B3T3, (14)
o*T o*T 0 0? Ouy Ou3 0 0
K Ky—s—T, = pC* T 1

252 T (aﬁ’oazz)(ﬂzax ﬁ38x> pC (az+’°azz) : (15

From Egs. (12)—(14), it is obvious that the u; motion representing SH waves is decoupled from the (u,us3)
motion.

Let p(0, p,, p3) denote the unit propagation vector, ¢ the phase velocity and k the wave number of the plane
waves propagating in x,x3-plane.

The plane wave solutions of Eqs. (13)—(15) are of the form

uy A
us | = | B | explik(ct — x2p, — x3p3)]- (16)
T C
Using Eq. (16) in Egs. (13)—(15), we have
[U — (1 + Q)4 + [V - 2iQ,*B — <i> Bop,C =0, (17)
[V +2iQ1P4 +[Z — (1 + Q)]B — (;{) Bap;C =0, (18)
T TocBoprA + T Toc* Byp3 B — (;{) (W —C*t")C =0, (19)

where

- C44 = C44 H (33
Upop3) = 203+ 2p2, Z(paopy) = 2 p3 + 202
2>P3 p 12T 2>P3 o 1277,

— €23+ Caq — K, K3
V(py,p3) = <4)P2P3, W(py.p3) = _Pg Pg,
p p p
3 B 4 Bs
ﬂ = ﬁ =
T P
1 Q
Tt = —(‘L’O — i), T0 = tow, 21 =—. (20)
w w

Egs. (17)—(19) in A4, B, C can have a nontrivial solution only if the determinant of their coefficients vanishes,
Le.

Ay + A1+ AL+ A5 =0, (1)
where

*
Ay =17,
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_ —Z+ )1+ Qe + W (1 + 0} = 20 + an(1 + )@} + B p3)]
(1+ 9} —20}

A

E)

R R — —— S —
(—ZU+ T = WZ+T)(1 + Q) + 2enV Bpops — en(B p3U + Zp3)]

Ay =
(1+ 9} -20}
—WNZU -7
A3 = - 1 2 b}
(14 Q —20%
with
5% W L ﬁ%T() _ TC0

(=¢c W

=
I
Nalbe

259 6_pC*C22, n= 0 )

To solve Eq. (21) we assume & = t*( + (4;/3), yielding
E+3HE+G=0,

where

I’ (3t*4; — A7) c_ (2712 45 — 9141 A3 + 243)
- 9 ’ - 27

Roots of Eq. (22) are given by
S =h+h, &=hg+hg, &=mhg*+hg,

with
s _[FGH (G +4HH] 5 [-G— (G +4HY)' (—1+iv3)
hl = 2 > h2 = 2 > g = 2 .
So, three roots of Eq. (21) are given by
¢ & = (41/3)] ¢ & = (41/3)] ¢ _[&—(41/3)]
1 = - > 2= T > 3 = T .

>

771

(22)

The velocities of three waves (QL-wave, T-mode wave, QT-wave) are given by (()"% ()% ((3)"? and

named as c;, ¢, c3, respectively.

4. Reflection and transmission

Consider a homogeneous, orthotropic rotating generalized thermoelastic half-space occupying the region
x3>0 in imperfect bonded contact with another homogeneous orthotropic rotating generalized thermoelastic
half-space occupying the region x3<0. Incident QL- or QT- or T-mode wave at the interface will generate
reflected QL-, QT-, T-mode waves in the half-space x3>0 and transmitted QL-, QT-, T-mode waves in the

half-space x3<0 as shown in Fig. 1.
6 6
_ iP; _ ip;
U = ZA/e i, uz= Bie"7  for x3>0,
=1 =1

9 9
/ iP; / iP;
u, = E A, Uy = E Bie"'7 for x3<0,

(23)
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Fig. 1. Geometry of the problem.

where

P; = o[t — (x, sin e; — x3 cos ¢;)/¢;], for j=1,2,3,7,8,9,

P; = o[t — (x» sin ¢; + x3 cos ¢j)/¢;], for j=4,5,6, (24)

w being the angular frequency. We distinguish quantities corresponding to various waves by using the
subscript 1 for incident QL-waves, 2 for incident T-mode waves, 3 for incident QT-waves, 4 for reflected
QL-waves, 5 for reflected T-mode waves, 6 for reflected QT-waves, 7 for transmitted QL-waves, 8 for
transmitted T-mode waves and 9 for transmitted QT-waves. Thus, for example, for the incident QL-waves, ¢;
denotes the phase velocity, e; the angle of incidence, P (x,, X3, f), the phase factor, 4; the amplitude of the u,
component of the displacement and B, that of the u; component of the displacement. We attach a prime to
denote the variables in the half-space x3 <0, i.e. the displacement components are denoted by u, and uj.

Since each of the incident QL-, incident T-mode, Incident QT-, reflected QL-, reflected T-mode, reflected
QT-, transmitted QL-, transmitted T-mode and transmitted QT-waves must satisfy the equations of motion
and heat conduction equation, we have from Eqgs. (17) and (18):

Aj=FB, C=FB (=1...9

o [Z) — c;(1 + QNpopy — (V; — 21216)B3ps
DU = G+ QD1Baps — (V4 2iQ1cD)Byp,

2 -G+ @DIT; - G+ @) - (Vi +403¢)
P , (25)

j  _ _ — _
AT = G+ 2Dy = (V) + 22 )Bpi]

The expressions for U;, V;,Z; are obtained from the expressions for U,V,Z given in Eq. (20)
on substituting the values for (p,,p3). For incident QL-wave p, = sin e, p; = — cos e;; for incident T-mode
wave p, =sin ey, p; = —cos ep; for incident QT-wave p, =sin e3, p; = —cos e3; for reflected QL-wave
P, =sin ey, p; = cos e4; for reflected T-mode wave p, =sin es, p; =cos es; for reflected QT-wave
P, = sin eg, p; = cos eg; for transmitted QL-wave p, =sin e7, p; = —cos e7; for transmitted T-mode
wave p, = sin eg, p; = —cos eg and for transmitted QT-wave p, = sin ey, p; = — cos e9. We thus have

— C23 + C44 €33
2 —<7 231 +—cosze1,
p

- 2 . Ca4 . = Caq .
U, :—s1n261+—cos e, Vi= sin e; cos e;, Zj =—sIn
p p p p
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+ 2 . C44 - €23+ Caq\ . C44
Uy = —sIn e4 + £ cos? es, Vi=|—"—"\sinescoses, Z4= —*sin? e4 + fcos ey,
p p p p p

/ J / J / J

U, = cﬁsm e7 —l—c—cos2 e7, Vi=— (M) sin e cos e7, Z7 = c—sm e +c—0052 e7.
P P p o P

(gz,zz,zz) and (23,23,23) are obtained from (U, V,Z;) on replacing e; by e, and es,

(Us,Vs,Zs)and (Us, Ve, Zs) are obtained from (U4 V4, Z4) on replacing es by es and e,

(Us, Vs, Zg) and (Uy, Vo, Zy) are obtained from (U;, V7, Z7) on replacing e; by eg and eo.

5. Boundary conditions

We consider two bonded thermoelastic half-spaces as shown in Fig. 1. If the bonding is imperfect and the
size and spacing between the imperfections is much smaller than the wavelength then at the interface, the total
displacement field and temperature field given by Eq. (23) must satisfy the spring boundary conditions at
x3=0[17]

() 0',33 = Kplu; — 14,3], (i) 5/23 = K[ur — u/z],

4

T .
- =K [T -T], (iv)oy =033,

vees 1, O
(1i1) K36

6T’ oT
6x
where K, K, are the normal and transverse stiffness coefﬁcients of a unit thin layer thickness with dimension
N/m® and K, is the thermal contact conductance (TCC) with dimension W/m?>K.
The boundary conditions given by Eq. (26) must be satisfied for all values of x,, so we have
Pi(x2,0,1) = P2(x2,0,7) = P3(x2,0,7) = Ps(x2,0,7) = Ps(x2,0,7)
= Ps(x2,0, 1) = P7(x2,0,1) = Ps(x2,0,7) = Py(x2,0,1). (27)
Then from Egs. (24) and (27), we have

sine; _sine; sine; siney; sines sine, sine; sineg  sin ey _l (28)
¢

(V) ahy = 023, (Vi) K (26)

C1 (&) c3 Cy4 Cs Co 7 &3 C9

which corresponds to the Snell’s law in the present case.

Here e; = e4, e2 = es and e3 = ¢¢, i.e. the angle of incidence is equal to the angle of reflection in the
orthotropic case, so the velocity of all reflected waves are equal to their corresponding incident wave,
1.e. ¢ = ¢4, ¢ = ¢sand ¢3 = ¢g.

Making use of Egs. (25), (27) and (28), the boundary conditions (26) yield

a1 By + ayBy + a3 Bz + as By + asBs + agBg + a7 By + agBy + a9 By = 0, (29)
biBy + byBy + b3 B3 + byBy + bsBs + bgBs + b7 B7 + by By + by By = 0, (30)
d1By + dyBy 4+ d3B3 + dyBs + dsBs + d¢Bs + d7B7 4 dg By + d9By = 0, (31)

e1B) + 2By +e3B3 + e4By + e5Bs + e Bg + e787 + esBs + e9By = 0, (32)
J1Bi+ 2By + f3Bs + f4Bs + fsBs + f¢Be + f7B1 + fsBs + foBy = 0, (33)
9181+ 92B2 + 93B3 + g4 Ba + g5Bs + g Bs + g71B7 + gy Bs + g9 Bo = 0, (34)

where
aé’:Kn (521996)5



780 R. Kumar, M. Singh | Journal of Sound and Vibration 324 (2009) 773-797

, o sin e; , oS eg

a£=—{Kn—Czsc€F£+C33 —ﬁéF;] (¢=7,....9),

be=K.F, ((=1,...,6),

, [wcose o sin e
bfz—[Kth—i-cM( y - ")} t=1,...,9),
Ce Ce

dy=K.JF; (t=1,...,6),

cos
dg:—[KCF?+K’3F}‘u} C=1,...,9),
w sin e w COoS ¢
er = —c23 [F5+0337€—53F? (t=1,...,3),
Ce Cr
w sin e w COoS ¢
€p = —(C23 ZF[—C337€—ﬁ3F§ (€=4,...,6),
Cr Cr
o sin e , Cos e .
e = chy— LR — s BiFE (€=7,...,9),
¢
cos sin
f[=c44(w egFf_w - et}) (521993)3
Ce Ce
w CoS e w sin e
ffz_m( CFo+ ‘) (t=4,...,6),
Ce Ce

fg=—cﬁ;4(w cos egF[_cosm €[) €=7....9).

(&4 Ce
COS COoS
g = K Fr 250 (0= 1,...3), g, = —KsFr 2SR (=4,...,0),
Ce Ce
, O COS ef
Q(Z_KsF(T (¢=17,....9)

Incident QL-wave: In the case of Incident QL-wave, 4y = A3 = B, = By = C; = C3 =0 and 4,, By, C; are
supposed to be known. Eqgs. (29)—(34) will constitute a set of six simultaneous equations in six unknowns,
namely, By, Bs, Bg, B7, Bg, By and these can be solved by Cramer’s rule and we have

B _ 4

B4 (t=4,5,6,7,8,9), (35)
where A and 44 are defined in Appendix A. From Eq. (25), we have

A;  Fr (B Fp (A&
Lo =) == £=4,5,6,7,8,9 36
- (3) =7 (5) e=ss6n80. (36)
C, Fj; (B Fi (A7
=) =L = {=4,56,7,8,9 37
= (5) =5 (7)) w=ss6789. (7

Incident T-mode wave: For Incident T-mode wave, A = A3 = By = B; = C; = C; =0 and A4,, B,, C, are
supposed to be known and Eqgs. (29)—(34) will form a set of six simultaneous equations in six unknowns,



R. Kumar, M. Singh | Journal of Sound and Vibration 324 (2009) 773-797 781

namely, By, Bs, Bg, B7, Bg, By and solving by Cramer’s rule, we obtain

B, A]
—=— (£=4,56,7,8,9 38
B2 A ( b b b b b )’ ( )
where A4 and A[T are defined in Appendix A. From Eq. (25), we have
A, F; (B, Fo (A}
—_— = — | — = —\|— = 4
R (B) s (A (€=4,5,6,7,8,9), (39)
C¢ F; (B F; (Al
C2 F;(Bz) F; A ( ] 997) ( )

Incident QT-wave: A = Ay = By = B, = C; = C, = 0 and 43, B3, C3 are supposed to be known in the case
of Incident QT-wave. Solving Eqgs. (28)—(33) by Cramer’s rule, we will constitute a set of six simultaneous
equations in six unknowns, i.e. By, Bs, Bg, B7, Bg, By obtaining amplitude ratios as

B, A7
— ==L (£=4,56,7,8,9 41
B3 A ( 2 2 b b 2 )’ ( )
where 4 and Af are defined in Appendix A. From Eq. (25), we have
A, F, (B Fo (A7
= === =4,56,7,8,9 42
- (3) -7 (%) «=as6rs0 @)
C¢ F; (B F; (A7
— =Lt ) =L (=L =4,56,7,8,9). 43
(/13 F§<B3> F}( A ( b b b b 7) ( )

In Eqgs. (35)-(37), A¢/ A are the amplitude ratios for the horizontal component of the displacement, B,/ B
are the amplitude ratios for the normal component of the displacement and C;/C; are the amplitude ratios for
the thermal parameter.

Similarly Eqs. (38)—(40) and (41)-(43) gives the amplitude ratios for incident T-mode and incident
QT-waves, respectively.

The reflection coefficient for incident QL-wave can be expressed in the form

C+ﬁ+m3m& C+@+m3“& C+@+m3”&
Rep=|—"5"5 r=|—"5"5 — ps=|T—5——5> —

D ) ) 44
1+ Fi+F?) B 1+ F1+F7) B 1+ Fi+F?) B “4)
The transmission coefficient for incident QL-wave can be expressed in the form
TW=1+M+HZW& W=1+%+@2m§ m=1+%+@zmﬁ. @)
1+ F+F?) B’ 1+ F2+F?) B’ 1+F+F?) B

Similar expressions can be written for the reflection and transmission coefficients for incident T-mode and
incident QT-waves, by replacing the suffices 1 in the denominator by suffices 2 and 3, respectively. In the
reflection and transmission coefficient subscript 1 represents the incident wave, subscript 2 represents the
reflected and transmitted wave and in subscript P, T, S represent the QL-wave, T-mode wave, QT-wave,
respectively.

6. Particular cases

Normal stiffness: This implies continuity of stress components, shear components of displacement and
temperature distribution across the interface. If we put K,#0, K, — oo, K. — oo in boundary conditions
given by Eq. (26), then imperfect boundary correspond to the case of normal stiffness and the corresponding
values of b, and d, as given by

be=F; (t=1,...,6), bi=—F, ((=17,...,9),
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d=F: (t=1,...,6), dy=—F; ((=7,...,9).

Transverse stiffness: Applying K, — oo, K,;#0, K. — oo in boundary conditions given by Eq. (26), then
we are left with transverse stiffness boundary, which implies continuity of stress components, normal
components of displacement and temperature distribution across the interface. Corresponding modified values
of a, and d, as given by

ar=10C=1,...,6), a=—1(=7,...9),
dy=F: (t=1,...,6), dy=—F; (t=17,...,9).

Thermal contact conductance: This type of boundary is obtained if we put K, — oo, K; - 0o, K.#0 in
boundary conditions given by Eq. (26) and this implies continuity of stress components and components of

1.508 —
g
3
I
<4 N ) l )
S With Rotation
S 1.5 —
@
i) _
14
©
> 1.496 —
8
< A Without Rotation
>
) \J:
@ 1.492 —
< T
g -
1.488 T | T | T | T | T |
0 18 36 54 72 90

Fig. 2. Angle of incidence (in deg.)

— With Rotation

Phase Velocity of Reflected T-mode wave

. Without Rotation
B L A I
0 18 36 54 72 90

Fig. 3. Angle of incidence (in deg.)
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displacement across the interface. Corresponding changed values of a, and b, as given by

ar=10C=1,....6), a=—1(=17,...,9),

be=F; (€=1,...,6), by=—F, (t=1,...,9).

Slip boundary: In the boundary conditions given by Eq. (26), if we assume K,, — oo, K, =0, K. — oo, then
the imperfect boundary modifies to a slip one, which implies continuity of normal components of stress,
normal components of displacement, temperature distribution and vanishing of transverse components of
stresses. The changed values of a,, b, d, and f; are

ar=10C=1,....6), a=—1(=17,...9),
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b[ZO(fZl,...,6), ng[dM

d;=F: (L=1,...,6),

Welded contact: Welded contact or perfect bonding means continuity of stress components, components of
displacement and temperature distribution across the interface and this type of contact has been obtained
from boundary conditions given by Eq. (26) by taking K, — oo, K, — 0o, K. — oo. The corresponding

Phase Velocity of Transmitted T-mode wave

Phase Velocity of Transmitted QT-wave

0.61—

0.58 —
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F, -2 e")] (t=1,...,9)

(w cos e;

Cr Cr

di=—-F; ((=1,...,9),

With Rotation

N L

Without Rotation
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0.486—
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18 36 54 72 90

Fig. 6. Angle of incidence (in deg.)
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/
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Fig. 7. Angle of incidence (in deg.)

f,=0(=17,...9).
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changed values of a,, b, and d, are given by

ar=1(=1,...,6),
be=F; (L=1,...,6),
di=F: (L=1,...,6),
7—

dag

1 (t=7,...,9),

be=—F; (L=1,...,9),

de

Fr(t=17,...,9).

Reflection Coeffocients (QL-wave)

0.45

Fig. 8. Variations of amplitude ratios with dimensionless rotation Q, for incident QL-wave: dimensionless rotation.
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Fig. 9. Variations of amplitude ratios with dimensionless rotation Q, for incident QL-wave: dimensionless rotation.
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7. Special cases

1. Transversely isotropic: For transversely isotropic generalized thermoelastic rotating medium with axis of
symmetry coinciding with x;-axis, then we have

cu=cu=cu=css=0, cn=c33, C13=Cl, C55=C, €23=Cn— 24,
K> = K3, 0o = a3, fy = crian + 2ci202, fy = f3 = cioo + 2(cn — caa)a.

85— X
\

©w o O
[ B |

Reflection Coefficient (QT-wave)

5
I
/

\

/
/

I

0.45 0.5 0.55 0.6 0.65 0.7 0.75

Fig. 10. Variations of amplitude ratios with dimensionless rotation @, for incident QL-wave: dimensionless rotation.
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Fig. 11. Variations of amplitude ratios with dimensionless rotation @, for incident QL-wave: dimensionless rotation.
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787

Using these values, the above results reduced to the case of generalized thermoelastic transversely isotropic

materials.

2. Cubic crystal: By applying following values for elastic and thermal parameters, our corresponding results
reduced to the case of generalized thermoelastic rotating cubic crystal materials.

Cla = Cy = 34 = 56 =0,

K, =K, =K; =K",

=C11, €13 =103 =C12, C55=Co6 = C44,

By =By = B3 =B =(c11+2c12).

€2 = (33

0] = 02 = 03 = 0y,

3. Isotropic: For an isotropic generalized thermoelastic rotating medium, we have

cll=cn =c3=41+2p,

2.4—

2 —

1.6—

1.2—

0.8—

0.4—

Transmission Coefficients (T-mode wave)

x

Clo=Cl3=03=17A, Ca4=0C55=0Co6=,

X
x r
/

0.45

Fig. 12. Variations of amplitude ratios with dimensionless rotation Q, for incident QL-wave: dimensionless rotation.
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Fig. 13. Variations of amplitude ratios with dimensionless rotation @, for incident QL-wave: dimensionless rotation.
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cu=cu=cu=cs=0, f=p=p=p5=0C1+2po

Ki=K, =Kz =K*, o) =0y=03=0,.

In the foregoing results, if we use the above values of parameters, our problem reduced to the plane
wave propagation in generalized thermoelastic isotropic rotating materials. Our results after some
modification and simplifications tally with Abd-Alla and Al-Dawy [18] (for free surface in absence or
rotation).

2.25—

— — X — — =T /BN

N NS / ~
(6]
§ 1.8— O TCC /
3 4]— — — — — wc | ?(
% 1.35— |
kel /
g /
© 09— /
S / /
3 _
%
X 0.45—

{

0

0.45 0.5 0.55 0.6 0.65 0.7 0.75

Fig. 14. Variations of amplitude ratios with dimensionless rotation Q, for incident T-mode wave: dimensionless rotation.
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Fig. 15. Variations of amplitude ratios with dimensionless rotation Q; for incident T-mode wave: dimensionless rotation.
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8. Numerical results and discussion

789

In order to illustrate theoretical results in the proceeding sections, we now present some numerical results.
The materials chosen for the purpose are Magnesium (M-medium) and Cobalt (M’-medium), the physical data

for which are given as [6]

Magnesium
€ =5974 x 101°Nm=2, ¢4 =3278 x 10°°Nm=2, ¢33 =6.17 x 10°°Nm2,
c3=6.17x10""Nm=2, f, =268 x 10°Nm—2deg™!, f;=2.68x 10°Nm2deg™!,
Ky=17x10°Wm'deg™!, K;=17x10>Wm'deg”!, p=174x10°Kgm3,
To=298K, C*=1.04x10°TJKg "deg™!, 10=0.005

Cobalt
¢hy =3.071 x 10""Nm=2, ¢, =1510x 10"'Nm~2, ¢}; =3.581 x 10" Nm~2,
¢hy = 1.027 x 10""Nm=2, f, =7.04 x 10°Nm2deg™!, f;=6.90x 10°Nm2deg™’,
K, =0.690 x 10°Wm~'deg™!, K;=0.690x 10>Wm~'deg”!, p’=8.836x 10°Kgm™,
T, =298K, C =427 x 10*JKg " deg™", 7/, = 0.001

Following non-dimensional parameters have been used for calculation

® K, K, K, C¥¢chy
— =0.01 =20 =10 =5 and oY =—=
w* ’ kC44 kC44 ’ ng an @ Klz

*)

Rotation will play its role in the propagation of waves has been shown by comparing the phase velocities of
different waves in a rotating and non-rotating orthotropic generalized thermoelastic medium with one

relaxation time for different values of incidence angle varying from 0° to 90° at 2, = 0.25 in Figs. 2-7.

We observe that the phase velocities in case of reflected QL-wave, reflected T-mode wave, transmitted
QL-wave and transmitted T-mode wave are greater when propagated through a medium with the concept
of rotation, whereas the rotation decrease the phase velocities of reflected QT-wave, Transmitted QT-wave.

So, we conclude that the quasi-transverse wave will propagate slowly in a rotating orthotropic generalized
thermoelastic medium with one relaxation time. As we know the transverse waves are considered to be more
destructive as compared to longitudinal and thermal waves. So, the concept of rotation in an orthotropic

10.5—
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w
I

A
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s |

Reflection Coefficients (QT-wave)

r
=
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Fig. 16. Variations of amplitude ratios with dimensionless rotation @, for incident T-mode wave: dimensionless rotation.
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thermoelastic medium with one relaxation time, will produce more destruction as compare to non-rotating
type.

For the above values of the relevant parameters in (*), the system of Eqs. (34)—(42) is solved for absolute
amplitude ratios by using Gauss-elimination method for different values of dimensionless rotation Q; varying
from 0.45 to 0.75 at an angle of incidence equal to 45° and then using these absolute amplitude ratios, absolute
reflection and transmission coefficients are calculated from Eqs. (43)—(44). i.e. for incident QL-wave, the
absolute reflection and transmission coefficients can be written as

|R|—<LH%+H3W
e\l + P2+ PP

Bs

By

By

By

By

1+F2+F*2 1/2
»  |Rps|l = (676> B
1

1+ Fi+F}?

1+ F2 4+ F2\ '
s R = T ) )
R (1 + F+ FTZ>

4.2—

Transmission Coefficients (QL-wave)

0.45 0.5 0.55 0.6 0.65 0.7 0.75

Fig. 17. Variations of amplitude ratios with dimensionless rotation Q, for incident T-mode wave: dimensionless rotation.
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Fig. 18. Variations of amplitude ratios with dimensionless rotation @, for incident T-mode wave: dimensionless rotation.



R. Kumar, M. Singh | Journal of Sound and Vibration 324 (2009) 773-797 791

and

1+F2+F*2 12
\Terl = (—3—5
1+ F2 + F!

B,
B

By

By
B

B

1/2
1+F2+F*2
» | Trprl= (78 :

2 *2 12
. |Tps| = M
1+ F{ + F7?

1+ F{ + F7?

Similar expressions can be written for the reflection and transmission coefficients for incident T-mode and
incident QT-waves. A computer program has been developed. The variations of these coefficients for
thermoelastic solid with Stiffness (ST), thermoelastic solid with Normal Stiffness (NS), thermoelastic solid
with Thermal Contact Conductance (TCC) and thermoclastic solid with Welded Contact (WC) have been
shown by dotted line with centre symbol (- x - X - X - x - X - X -), solid line (——————), solid line with centre
symbol (-e—e—-6-), and dotted line (------------ ), respectively, in Figs. 8-25.

The variations of reflection and transmission coefficients have been studied for the three different incident
waves as follows.

Incident QL-wave: Fig. 8 shows the variations of reflection coefficient |Rpp| with dimensionless rotation ;.
The values of |Rpp| for TCC, WC are larger than those for ST whereas in case of NS values are smaller than
ST. The values of |Rpy| are always smaller for ST as compared with TCC, WC, NS and these are shown in
Fig. 9.

The variations of reflection coefficient |Rpg| are depicted in Fig. 10. The values for ST are greater than those
for TCC, WC, NS in the range 0.45<Q; <0.65 and when 0.65<Q; <0.75 the values for ST decrease suddenly.
In case of transmission coefficients |7 pp| the values for ST are smaller than those for NS, TCC, WC in the
range 0.45<Q,<0.60, 0.45<0Q,<0.70, 0.45<Q,<0.70, respectively otherwise greater and the variations of
these are shown in Fig. 11.

Fig. 12 shows that the values for transmission coefficient |7 pr| which are greater than NS, WC for all values
of Q, whereas smaller than TCC in the range 0.63<Q;<0.70 only, for ST boundary. The value of
transmission coefficient |7 ps| in Fig. 13 shows that the values for ST boundary are more than TCC, WC, NS
only when ; lies between 0.57<Q;<0.75 and oscillatory behavior is due to the complex nature of the
problem.

Incident T-mode wave: Figs. 14 and 16 depict the variations of reflection coefficients |R7p| and |Rys| with
dimensionless rotation Q,, respectively. The values for all the reflection coefficients are greater in case of ST as
compared with TCC, WC, NS for all values of Q.

Transmission Coefficients (QT-wave)

0.45 0.5 0.55 0.6 0.65 0.7 0.75

Fig. 19. Variations of amplitude ratios with dimensionless rotation @, for incident T-mode wave: dimensionless rotation.
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Fig. 21. Variations of amplitude ratios with dimensionless rotation @, for incident QT-wave: dimensionless rotation.

The values of |Ry7|, in case of ST boundary are greater than all other boundaries in the range when ©; lies
between 0.45<Q;<0.60 and after this range some greater values are observed for other boundaries in
different ranges. These are shown in Fig. 15. For incident T-mode wave, the variations of transmission
coefficients | T'7p| are shown in Fig. 17. It is found that the values of transmission coefficients for ST are always
smaller than all other different boundaries. The values for transmission coefficient | 77| for the case of ST are
larger than those for other boundaries in the range 0.45<Q;<0.55 and after that found to be smaller and



R. Kumar, M. Singh | Journal of Sound and Vibration 324 (2009) 773-797 793

5.2—

w
©
I

Reflection Coefficients (QT-wave)
N
i

0.45 0.5 0.55 0.6 0.65 0.7 0.75

Fig. 22. Variations of amplitude ratios with dimensionless rotation Q; for incident QT-wave: dimensionless rotation.
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Fig. 23. Variations of amplitude ratios with dimensionless rotation @, for incident QT-wave: dimensionless rotation.

these are depicted in Fig. 18. Fig. 19 shows the variations of transmission coefficients |7 7s|. The oscillatory
behavior is observed for all the boundaries.

In Figs. 14 and 16 the values for ST are demagnified by dividing the original values by 10, to depict the
comparison between the boundaries.

Incident QT-wave: Reflection and transmission coefficients i.e. |Rgpl, |Rs7l, |Rssl, |Tspl, |Ts7l, |Tss| for
dimensionless rotation €, for incident QT wave are shown in Figs. 20-25, respectively. The values of |Rgp| for
NS are much greater than those for all other boundaries, whereas the values for ST are smaller than all other
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Fig. 24. Variations of amplitude ratios with dimensionless rotation Q, for incident QT-wave: dimensionless rotation.
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Fig. 25. Variations of amplitude ratios with dimensionless rotation Q, for incident QT-wave: dimensionless rotation.

in the range 0.55<Q; <0.75 only. In case of ST, the values for |Rg7| are greater than those for NS; [TCC] and
WC when Q lies between 0.45< 2, <0.72;[0.45<9Q,<0.55,0.57<Q, <0.62] and 0.45<Q, <0.55, respectively.

The values of reflection coefficient |Rgg| for the case of ST are greater than all those for other boundaries
except for NS in the range 0.70<Q; <0.75. For the transmission coefficients |Tsp|, the values in case of ST
boundary are smaller than those for NS, TCC, WC for all the values of Q. Fig. 24 shows that the values of
transmission coefficient for transmitted T-mode wave i.e. | Ts7| in case of TCC are found much higher than all
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others whereas the values in case of ST are greater than those for NS and WC in the range 0.62<Q; <0.72 and
0.62<Q; <0.71, respectively.

It is concluded that the trend of variations of transmission coefficients | T'ss| is oscillatory and values in case
of NS are found to be much higher. To depict the comparison, the values in Figs. 20, 23, 25 for NS are
demagnified by dividing the original values by 100, 10, 10 and in Fig. 22 the values for ST are demagnified by
dividing the original values by 10.

9. Conclusion

Generalized theory developed by Lord—Shulman [1] is used to study the problem. The analytical expressions
of the amplitude ratios for various reflected and transmitted waves are obtained for an Imperfect Boundary
and deduced for normal stiffness, transverse stiffness, thermal contact conductance, slip boundary and welded
contact. The reflection and transmission coefficients are compared graphically for different incident waves
with dimensionless rotation ;. Some particular cases of thermoelastic solids such as transversely isotropic,
cubic crystal and isotropic solids has been deduced from the present case of orthotropic thermoelastic rotating
solid. It is concluded that rotation effects the propagation of waves in different type of boundaries. Effect of
rotation on the phase velocities of waves is also observed in Figs. 2-7 and concluded that the concept of
rotation in an orthotropic thermoelastic medium with one relaxation time, will produce more destruction as
compare to non-rotating type. It is observed that in case of incident QT-wave the reflection and transmission
coefficients for NS boundary are found to be much higher than the others. A theoretical model has been
adopted in the present study but it is one of the realistic form of earth model and is useful for further
investigation for different seismologists.

Appendix A

as as as a; ag do —a, as ag a; ag dg

by bs bs by by b —by bs bs by by by

p dy ds de¢ d; dg do y —dy ds d¢ d7 dg do
T les es es er ey ey 47 | —e; es e er ey el

Jo fs fo 1 Jfs fo =1 fs Js 1 fs fo

94 9s YJo 91 9s Yo 91 95 Y9e¢ 97 Yz Yo

as —ay as a; dg ay as as —a; a; dg ay

by —by bg b7 by by by bs —by b7 by by

4 dy —dy d¢ d; dy do 4 dy ds —di d; dy do
5 es —e e e; ey ey| 6 es es —e; e; ey ey |

Jo =N fe f1 fs o fo fs =1 f1 fs o

9a —91 Ye¢ 91 93 Yo 9a 95 —91 91 98 Yo

ds ds deg —d ag  dy dg ds dg a7 —d dy

by bs bg —by bg by by bs bg b7 —by by

. dy ds de¢ —di dg do o dy ds de¢ di7 —di do
7 es es es —e; ey e | 8 es es es er —el e |

fo fs fe =1 fs [ fo fs fe f7 =f1 [y

9a 95 9o —Y91 9z Yo 94 95 Y9e¢ 971 —91 Yo
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as ds dg a7 dg —d
by bs bs by by —b
dy ds de¢ di7 dg —d
A‘D

9 €4 es €4 e7 eg —e] ’

Jao fs feo f1 Sfs —/i
94 9s Yo 97 93 —Y1

AfandAf are obtained from AZ on replacing the elements (—aj,—b1,—di,—ei,—f,—g;) by
(—az, —by,—dr, —e2,—f 5, —g5) and (—a3, —b3, —d3, —e3, —f3, —g3). A,T and Af (¢=5,6,7,8,9) are defined
similarly.
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